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FIRST ORDER QUANTIFIERS IN MONADIC SECOND ORDER LOGIC
H. JEROME KEISLER AND WAFIK BOULOS LOTFALLAH

Abstract. This paper studies the expressive power that an extra first order quantifier adds to a fragment
of monadic second order logic, extending the toolkit of Janin and Marcinkowski [JMO01].

We introduce an operation exists, (S) on properties S that says “there are n components having S”. We
use this operation to show that under natural strictness conditions, adding a first order quantifier word u
to the beginning of a prefix class V" increases the expressive power monotonically in u. As a corollary, if
the first order quantifiers are not already absorbed in V. then both the quantifier alternation hierarchy and
the existential quantifier hierarchy in the positive first order closure of V" are strict.

We generalize and simplify methods from Marcinkowski [Mar99] to uncover limitations of the expressive
power of an additional first order quantifier, and show that for a wide class of properties S, S cannot belong
to the positive first order closure of a monadic prefix class W unless it already belongs to W.

We introduce another operation a/t(S) on properties which has the same relationship with the Circuit
Value Problem as reach(S) (defined in [JM01]) has with the Directed Reachability Problem. We use a/(S)
to show that I1, Z FO(Z,). £, € FO(A,), and A,;; € FOB(E,). solving some open problems raised
in [Mat98].

81. Introduction. This paper studies the expressive power that an extra first order
quantifier adds to a fragment of monadic second order logic.

Second order logic embodies many of the outstanding open problems in com-
plexity theory. In [Fag74] Ronald Fagin showed that the class NP coincides with
the class of properties expressible by existential second order sentences. Thus NP
= co-NP if and only if the class of existential second order sentences is closed under
negation. Stockmeyer [Sto77] subsequently extended Fagin’s Theorem and showed
that the polynomial hierarchy coincides with the second order quantifier alternation
hierarchy, thus translating to logic the problem of the strictness of the polynomial
hierarchy.

These hierarchy problems have been hard to attack. Fagin suggested studying
monadic second order logic (MSQO), a simplified fragment of full second order logic,
in which second order quantifiers are only allowed over unary relations, i.e., subsets
of the underlying universe. MSO wasindeed tractable. In [Fag75] Fagin himself used
Ehrenfeucht-Fraissé games to show that existential MSO (called monadic NP) is
not closed under negation, thus separating monadic NP from monadic co-NP. Matz
and Thomas [MT97] showed that the monadic quantifier alternation hierarchy is
strict. In particular, they showed thatX, C B(Z,) C A,4+1 C Z,41. where B denotes
Boolean closure. Their argument was based on growth rates of definable functions.
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In [Mat98] Matz used the growth argument to investigate the role of the positive first
order closure in the monadic alternation hierarchy. Among other things, he showed
that, on the class of finite graphs, A, > € FOB(Z,), FO(Z,) N FO(I1,) € B(Z,).
and FO(Z,,1) N FO(I1,,1) € FOB(Z,), where FO denotes the positive first order
closure, and FOB denotes the first order/Boolean closure.

Ajtai, Fagin, and Stockmeyer in [AFS98] and [AFS00] proposed closed monadic
NP, in which first order quantifiers are freely mixed with monadic second order ex-
istential quantifiers, as the “right” monadic version of NP. They posed the problem
of whether the corresponding hierarchy is strict. Marcinkowski[Mar99]showed that
Directed Reachability is not in FO(X), answering a question in [AFS98]. The tools
of [AFS00] and [Mar99] were put in an abstract form by Janin and Marcinkowski
in [JMO1], to study the expressive power of fragments of MSO defined by prefix
classes.

A (monadic) prefix class is a regular expression V' built from the first order
quantifiers v, 3, monadic second order quantifiers V, 3, and the Boolean closure
operator @. The logic L(V') is the set of formulas built from words in ' and finite
conjunctions and disjunctions.

In [JMO1] two operations on graph properties S were defined, bool(S) and
reach(S). They call a prefix class nontrivial if it ends in (v3®)* and contains
either an V* or an 3*. They proved the following results for nontrivial prefix classes
V and W:

1) If both S and its complement are expressible in L(1), but S is not expressible
in L(W), then bool(S) is expressible in L(33V) but notin B(L(W)).

2) If S is expressible in L(V) but not in L(W), then reach(S) is expressible
in L(3vv V) butnotin FO(L(W)).

In this paper we introduce two more operations, exists, (S) and alt(S), and prove
the following results for arbitrary prefix classes V" and W:

3) If Sis expressible in L(}) but notin L(W ), then for any (n — 1)-tuple u of first
order quantifiers, exists,(S) is expressible in L(x#3V") but not in L(uv*W).
(Lemma 3.2).

4) If V contains vv and v 3, and S is expressible in L(}') but not in L(W ), then
alt(S) isexpressiblein L(Iv V')NL(V 3V ) butnotin FO(L(W)). (Lemmas 6.6
and 6.7).

The operation exists, (S ), introduced in Section 3, says “there are n components
having property S”. 3) above shows that this operation introduces an “existential
hardness”, so that adding a word u3 of first order quantifiers before a prefix class V'
increases the expressive power monotonically in . As a corollary, if the first order
quantifiers are not already absorbed in V/, then both the first order quantifier alter-
nation hierarchy and the first order existential quantifier hierarchy inside FO(L(V))
are strict. This improves a theorem in [KW73], where it is shown that (when V'
is empty) any two distinct first order quantifier words v, w express different sets
of properties.

In Section 4 we simplify the proof of the result in [Mar99] that Directed Reach-
ability is not expressible in FO(X;). The method is extended in Section 5 to show
that for a wide class of properties S and for any monadic prefix class W, S cannot
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be expressed in FO(L(W)) unless it is already expressible in L(W), and S cannot
be expressed in FOB(L(W)) unless it is already expressed in B(L(W)).

In Section 6 we apply the ideas of Section 5 to define the operation alt and prove
the result 4) above. a/t has the same relationship with the Circuit Value Problem as
reach has with the Directed Reachability Problem. The flexibility of alt allows us to
strengthen some results and solve some open problems in [Mat98]. In particular,
we show thatIT,, € FO(Z,). %, € FO(I1,,). and A, 1 € FOB(Z,).

82. Basic definitions. For simplicity we only consider vocabularies containing
one binary predicate E (for edge) and possibly several unary predicates and constant
symbols. As usual, the logic has the equality symbol, =, as a built-in relation. We
will not consider the case of logics with other built-in relations. such as linear order.
All of the results in this paper hold for the class of finite models as well as the class
of all models. That is, you can choose either one of the following two options at
the outset, and stay with that option throughout the paper.

Finite option: Models are finite directed graphs with colors and distinguished
vertices.

Infinite option: Models are arbitrary directed graphs with colors and distinguished
vertices.

We use C for inclusion, C for strict inclusion, and ¢ for the negation of inclusion.

In this paper we consider only monadic second order extensions of first order
logic. By a logic we will mean a set of monadic second order formulas which is
positive Boolean closed, that is, closed under finite conjunctions and disjunctions.
As usual, sentences are formulas with no free variables.

To clarify the different roles of universal and existential quantifiers, we assume
that all negation signs are pushed inside. We shall sometimes view formulas as trees
with nodes labelled by conjunction signs, disjunction signs, first order and monadic
second order quantifications, and leafs labelled by literals, i.e., atomic and negations
of atomic formulas.

Following [JMO1], a pattern is a word over the alphabet {v,3,V,3, @}, where
v, 3 are first order quantifiers, V, 3 are monadic second order quantifiers, and & is
the Boolean closure operator.

We let 7 be a finite signature which contains at least one binary relation symbol
and remains fixed throughout. For each signature 7 and each pattern w, we define
the logic L(w) supported by w by induction as follows.

e The empty word supports the set of all quantifier-free MSO formulas with
signature 7.

L(vw) is the positive Boolean closure of the set L(w) U {vxy : ¢ € L(w)}.
L(3w) is the positive Boolean closure of the set L(w) U {3xp : ¢ € L(w)}.
(Vw) is the positive Boolean closure of the set L(w) U {V Xy : ¢ € L(w)}.
(3w) is the positive Boolean closure of the set L(w) U {3 Xy : ¢ € L(w)}.
(@w) is the Boolean closure of L(w). so L(®w) = B(L(w)).

L
L
L
ExamPLE 1. The prenex sentence (vx)(3y)(V Y)(E(x,y) A Y(x)) is supported

by the pattern v 3V , while the sentence (v x)((3y)E(x. y)A(V Y)Y (x)) is supported
by the pattern v3V as well as by vV 3.
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We shall freely make use of regular expressions which do not contain union
to denote classes of patterns, which we will call prefix classes. The logic L(W)
supported by a prefix class W is defined to be the union of the logics L(w),w € W.
Note that each L(W) is positive Boolean closed.

ExaMPLE 2. The positive first order closure of a logic L(V) is the logic
FOL(V)) = L((va)*V).

First order logic is the logic FO = L((v3)*).

Monadic NP is the logic £; = L(F*(v3)*) = L((F3)*(va)*).
Monadic co-NP is IT; = L(V*(v3)*) = L((Vv )*(v3)*).
Closed monadic NP is L((Iv3)*).

Closed monadic co-NP is L((Vv3)*).

Y1 =L3V)=L((33)*V) where I1,, = L(V),

I, = LV*V)=L((Vv)*V) where X, = L(V),

A, =%, NI,

We do not allow regular expressions with unions, such as 3(3U v )2, in the defini-
tion of a prefix class, because we do not have a corresponding Ehrenfeucht-Fraissé
game in Theorem 2.2 below.

The reader should be warned that for certain prefix classes W, it is not true that
every formula in L(W) is equivalent to a prenex formula in L(#), as the following
example shows.

ExampLE 3. The sentence
3x3y(E(x.y) NE(y.x)) A3x3y(E(x.y) A —E(y.x))

is supported by the pattern 33, but there is no equivalent prenex sentence which
is supported by 33. To support an equivalent prenex sentence one must go to
the pattern 3333.

In this paper, it will always be understood that S denotes a property of (enriched)
graphs, and that V" and W denote prefix classes.

We shall identify a class of MSO sentences with the class of graph properties
expressible by those sentences, where a graph property is the set of graphs having
this property. Thus we write S € L(W ) if the property S is expressible by a sentence
in L(W).

The complement of a graph property S is the class S of all graphs that do not
have S. The dual w of a pattern w is the pattern obtained by switching 3 with v and
3 with V. The dual of a prefix class W is the class W = {w : w € W}. Note that
S € L(W)ifand only if S € L(W). Thus, when we get an expressibility statement
about S or W . we also get for free a dual statement about S or .

Since our convention is to push negations inside, the Boolean closure B(L(W)) =
L(@W) of a logic is defined as the positive Boolean closure of L(W) U L(W).

We recall from [JMO1] that each pattern w naturally corresponds to an Ehren-
feucht-Fraissé game between two players (Spoiler and Duplicator) played on a pair
of (colored) graphs with distinguished points. For brevity, we will call a colored
graph with distinguished points an enriched graph. Consider a pair &, % of enriched
graphs with the same signature.
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The game w on the pair &, % proceeds according to the following rules:
w=3v (w=vv):
(1) Spoiler chooses a vertex ¢ € & (d € B).
(2) Duplicator chooses a vertex d € & (¢ € ).
(3) Spoiler and Duplicator play v on the enriched pair (&7, c), (%.d).

w = Jv (w = Vv): The game proceeds according to the following rules:
(1) Spoiler chooses a subset C C & (D C ).
(2) Duplicator chooses a subset D C & (C C &/).
(3) Spoiler and Duplicator play v on the enriched pair (&, C), (%. D).
w = Qu:
(1) Spoiler chooses either the pattern v or the dual pattern .
(2) Spoiler and Duplicator play the pattern chosen by Spoiler on &/, %.

w = ) (the empty word): Game is over.

Duplicator wins the game @ on &/, % if and only if & and & satisfy the same
atomic sentences. (In other words, the tuples of distinguished vertices a, b are
either empty or the mapping a; — b; is an isomorphism from the colored subgraph
generated by a to the colored subgraph generated by b.)

We write & —,, & if Duplicator wins the game w on the pair &/, &; otherwise
we write & /-, 5.

REMARK 2.1. Letv = w.

(i) L(ev) = L(ow).

(i) &/ —, Fifand only if B —,, .
(ili) & —gq, & ifand only if ¥ —,, B and B —,, ¥ .
(iv) & —gw % ifand only if B —q,, &.

The following basic theorem clarifies the role of games (see, for example, [EF99]).
It depends on the fact that the logic L(w) is positive Boolean closed.

THEOREM 2.2. S € L(w) if and only if for all (enriched ) graphs s/ and B, s/ € S
and /' —, B implies & € S. -

Thus, to show that some property S ¢ L(w), we construct two graphs & € S,
# ¢ S and show that & —,, %. Quite often, these graphs will be built from
smaller graphs by means of some operations. Here is a simple lemma which is often
used without explicit mention when working with such graphs.

LemMA 2.3. If & —,, B then I —, A for each substring v of w.

ProOF. Duplicator can win the v game by playing the w game, but choosing
imaginary moves for Spoiler and making imaginary responses at times which are
in w but not in v. =

The following definition and easy lemma are essentially in [JMO1].

DEFINITION 2.4, If & is a graph, cone(s/) is the graph formed by adding a new
vertex r, called the root of cone(s/), and adding a directed edge from r to each
vertex of &7.

If/y,....%, are graphs, &1 W - - - ¥ &, denotes the union of disjoint copies of
cone(s/1) through cone(s7,). We also write n&/ = &/ & --- 1.9 (n times).
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LemMa 2.5. (i) If & —., B, then cone() —, cone(F).

(ii) If m is a permutation on {1,....n} and S ; —, By foralli =1,....n, then
(vQ/l L‘H---H'J.,Q/n) —w (e%}l L'H"'L'H*%}n)-

ProoF. Like many results later on, this lemma is proved by induction on the pat-
tern w. We mention here that in order to carry out such inductions, one needs to
prove an analogous result for enriched graphs. For part (ii), define (1 W ---W&,)
when Ci, ..., C, are disjoint enriched graphs whose signatures all have the same
set k of colors but have disjoint sets d; of distinguished elements. The signature
of (1 W---W&,) hasthe set k of colors again, and its set of distinguished elements
is the union d, U - - - U d,,. The interpretation of each color in the sum is the union
of its interpretations in the C;.

We remark that this proof, like many later proofs in this paper, needs Lemma 2.3
to deal with the fact that a first order move is made in just one &/; or &; ata time. -

§3. The power of a new first order quantifier. In this section we will define a simple
operation on graph properties and inductively apply it to show that if L(V) #
L(3V)and L(V) # L(v V'), then the expressive power of the logics L(uV') increase
monotonically as the string of first order quantifiers u grows.

DErINITION 3.1. If n > 0, exists,(S) is the colored graph property with two new
colors green and white, saying that the graph has at least » components, each
of which is a cone of a white graph which has property S and has a green root.

The reader may wonder why the new colors are introduced in this definition, since
the root of a cone is already distinguished as the unique vertex with indegree zero.
The reason is that it takes a universal quantifier to say that a vertex has indegree
zero, and the new colors avoid this quantifier. Note that Part (i) of the next lemma
would be false without the new colors. However, it can be easily fixed if we require
that all words in V' contain at least one universal first order quantifier.

LeMMA 3.2. Let n > 0, and suppose that u € (3U v )"~

(i) If S € L(V), then exists,(S) € L(u3aV).

(ii) If S ¢ L(W), then exists,(S) ¢ L(uv*W).

Proor. (i) The proof'is by induction on n. The result is clear for n = 1. Assume
the result holds for n. Let w be a sentence in L(u3)V) which expresses exists, (S). Let
x be a new variable and let §(x) be the formula obtained from y by replacing each
existential quantifier from the outer 3 by the corresponding relativized quantifier
3y # x. Then the sentence v x0 (x) expresses exists, 1 (S), and belongs to L(vu3l’).
The sentence

3x[x is a green root of a white S-component and 6(x)]

also expresses exists, 1 (S) but belongs to L(3uaV’).

(ii) Letw € W. Since S ¢ L(W), there are two graphs &/ € S, % ¢ S, such that
Duplicator wins w on &/, %. Given m, we need to show that exists, (S) ¢ L(uv™w).
Let =nW(n+m—1)Band D = (n—1)F W (n+m)FB. Then & € exists,(S)
and I ¢ exists,(S). We describe a winning strategy for Duplicator in the game
uv"won?%,9.

In the u part of the game, Duplicator’s first # — 1 moves exactly mirror Spoiler’s
first » — 1 moves. This is possible because whenever Spoiler moves in a new
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component on one side, there will still be a new component of the same kind on
the other side. Spoiler’s next m moves will choose vertices of &. These moves can
also be mirrored by Duplicator, because for each new component in & there will
still be a new component of the same kind in &. At this point there is at least
one & -component & of & and one Z-component %, of ' which have not been
pebbled. The game position is given by a pair of enhanced graphs (Z.c¢). (2.d)
which satisfies the hypotheses of Lemma 2.5, where the permutation 7= matches &/
with %, and matches each other component of @ with an exact copy in &. By
Lemma 2.5, Duplicator can win w on (%. ¢), (2. d). and thus can win the original
game uv"w on %, 9. -

The next corollary follows at once. Part (b) is the dual of part (a).

COROLLARY 3.3. Let V and W be prefix classes such that L(V) ¢ L(W). Then
for eachm > 0,

(@) ({Lw3V):ue(Euv)"} Z U{Luv*W):ue(3Uuv)"}.
(b) M{L(wvV):uec@uv)"} ZU{Luz*W):uec (3uv)"}. +

Note that part (a) says that there is a single property, namely exists,,(S), which
is expressible in every one of the logics L(#3V), u € (3Uv )™, and is not expressible
in any of the logics L(uv* W), u € (3Uv )™. Following our convention, we do not
write L((3U v )™v* V') because the expression (3 U v )”v* V has a union, and does
not correspond to an Ehrenfeucht-Fraiss¢ game in Theorem 2.2.

Corollary 3.3 can be sharpened as follows. Given a first order quantifier word u,
let F(u) be the set of all prefix classes obtained by replacing each 3 in u by either
3 or v*, and replacing each v in u by either v or 3*. For example, after absorbing
single quantifiers into starred quantifiers and omitting duplicates, we have

F(3va) = {3v3a,v*3, 3%, av*, v v* 3'v* v 3'v* ]

F(v33) ={v33, 3, v*3,vav*, 3v*3, 3v" v }.

COROLLARY 3.4. Suppose that L(V) € L(W), andlet m > 0, u € (3Uv)™, and
U € F(u). Then:

(a) L(uaV) ¢ L(Uv*W).
(b) Luv V) g L(Uz*W).

PrOOF. We prove (a). The proof is by induction on m. When m = 0 the result
follows from Corollary 3.3. Assume the result holds for all # < m, and let u €
(3uv)™and U € F(u). If U = u then the result follows from Corollary 3.3.

Suppose U # u, and 3 is replaced by v* at the first place where U differs from
u. Then we have u = s3t and U = sv*T where T € F(¢). (One or both
of 5,1 can be empty). Then ¢ has length less than m. and by inductive hypothesis,
L(1aV) ¢ L(Tv*W). Let V! = taV, W' = Tv*W. Then L(V') ¢ L(W’). Using
Corollary 3.3 again, we have L(s3V’) ¢ L(sv*W'). But s3aV’ = s3ataV = uaV
and sv*W' = sv*Tv*W = Uv*W,so L(uaV) ¢ L(Uv*W ) and the induction is
complete.

The proof is similar in the case that v is replaced by 3* at the first place where U
differs from u, so (a) holds in all cases. (b) is the dual of (a). +
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Now let V' = W, and consider the first order quantifier alternation hierarchy
over V. This hierarchy is defined by

2,(V) = L(Ev)"V). 25,4 (V) = L(Ev*)"s*V),
%, (V) is the dual of 20 (V), and A% (V) = 20 (V) n 1% (V). The union of each
of these hierarchies is the logic FO( (V)) = L((va)* ) the positive first order
closure of L(V).
CoRrROLLARY 3.5. (1)) If L(3V) # L(V) and L(v V') # L(V), then the hierarchy is
strict, that is, the logics T0(V), TI(V),A%(V), n = 1,2, ... are all different.
(i) IfL@V) # L(V)and L(v V') = L(V'), then for each n > 0,
H2n 1( )CZZn 1( ):Z(Z)n(V) Cngn( ) H2n+1( )
(i) If LEV) = L(V) and L(v V') # L(V), then for each n > 0,
2“(Z)nfl(V) - 1_[2n 1(V) = ngn(V) - zgn(V) zgnJrl(V)
(V) IfL(3V) = L(V) = L(v V), then the hierarchy collapses to L(V). =
Proor. All the inclusions are clear. We use Corollary 3.4 to prove the
strict inclusions. Suppose L(3V) # L(V). Put V' = 3V, so that L(V') ¢
L(V). Letu = (a3v)"', so U = (v*3%)"~! € F(u) in the notation of 3.4.
Then L(u3V') ¢ L(Uv*V). We have L(u3V’) = L(u33V) C £ (V) and
L(UvV)=115 ,(V),so

2n 1( ) Z H2n 1(V)
Similarly. starting from ¢t = vu we get

( )gzﬂn( )

Part (ii) now follows, and we get (iii) by duality. Finally, (i) is proved by putting all
of these non-inclusions together. -

In the next corollary we consider the hierarchy W, 3W, 32 W, ..., which is a refine-
ment of (W), and W,v W,v2W,..., which is a refinement of TI{( ).

COROLLARY 3.6. (i) If L(W) C L(3W), then L(3"W) C L(3"*'W) for each n.
(i) If L(W) C L(v W), then L(v"W) C L(v"™'W) for each n. .
ProoF. (i) Suppose L(W) c L(3W). By Corollary 3.3 with V' = 3, we have
L(aW) c L(33V) = L(333W). If L(33aW) = L(3W), then we would also have
L(333W) = L(33W), contradicting L(3W) C L(333W). Therefore we must
have L(3W) C L(33W). The desired result now follows by induction. Part (ii) is
the dual of (i). 4
Finally, we prove that if adding one first order quantifier increases the expressive
power of L(W), then the expressive power of L(uW) is almost always increased
by adding one quantifier anywhere within u. and is always increased by adding two
quantifiers anywhere within u.
THEOREM 3.7. Suppose that L(W) C L(aW) and L(W) C LvW). Let t,u €
(3U v )* be two first order quantifier words such that:
(a) tis a proper substring of u, and
(b) u is not tv or t3.
Then L(tW) C L(uW).
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ProoF. Let V =aW and Z = vW,so L(W) Cc L(V) and L(W) C L(Z) by
hypothesis.

Suppose first that |u| = |¢| + 1. Then ¢t = rs and u = rgs where ¢ € {v,3}. We
give the proof when g = 3. The case ¢ = v is similar. By hypothesis (b), the string
s is nonempty, and is not of the form 3”. We may also position ¢ at the right end
of an 3-block in u, so that s begins with an v .

Suppose s = v. Then uW = rav W = r3Z, and by Corollary 3.3, L(uW) =
L(r3zZ)Z L(rv*W),so L(tW) = L(rv W) C L(uW).

Now suppose |s| = 2. Then either s = v3 or s = vv. If s = v3, then
uW = ravaW = rav V. By Corollary 3.3, L(uW) = L(rav V) € L(rv*3* W),
so L(tW) = L(rvaW) Cc L(uW). If s = vv, then uW = ravv W = ravZ, and
LuW)=L(ravZ) ¢ L(rv*z*W),so LtW) = L(rvv W) C L(uW).

We next suppose that |s| > 2. Then either s = x33,5 = x3v,s = xv3, or
s = xvv for some nonempty string x which starts with an v. Form X by replacing
each v in x by 3* and replacing each 3 in x by v*. Then X starts with an 3*.

If s = x33, then by Corollary 3.4,

LuW) = L(rax3aW) = L(raxaV) € L(rv* Xv* W),

and L(tW) = L(rx33W). By checking all cases, one can see that the string x33
fits inside v*X; each block in x goes to the preceding block in v*X, and the final
33 goes to the last 3* in X . Therefore L(tW) C L(uW).

If s = x3v, then Corollary 3.4 gives

LuW) = L(raxavW) = L(rax3Z) € L(rv* Xv* W),

and L(tW) = L(rx3v W). This time x3v fits inside v* Xv*, and again L(tW) C
L(uW). The cases s = xvaand s = xvv are similar.

Finally, we suppose that |u| > |¢| + 2. By adding terms to ¢ we may assume that
|u| = |z| + 2. We need only consider the cases that u = 133 and u = tvv, because
in all other cases we can add one more term to ¢ and satisfy hypotheses (a) and
(b). If u = ¢33 then by Corollary 3.3 we have L(uW) = L(t3V) € L(tv* W), so
L(tW) C L(uW). The case u = tvv is similar. This completes the proof, =

QUESTION 3.8. Is Theorem 3.7 still true without hypothesis (b)?

For example, do the hypotheses of Theorem 3.7 imply that L(av"W) C
L(av" ' W), oreven L(3W) C L(3v W)? Note that we always have L(3v" W) C
L(3v"?2 W), soeither L(av" W) C L(av"* ' W) or L(zv"*'W) c L(av"?W).

QUESTION 3.9. Suppose L3W) ¢ L(vW) and Lo W) ¢ LEW). Ifu,v €
(3uv)*and L(uW) C L(vW), must u be a subsequence of v?

84. Directed Reachability. In this section we will work with graphs % which have
two distinguished points, called the source and the sink. A graph has the Directed
Reachability property, DIR.REACH, if it contains a directed path from the source
to the sink.

It was shown in [Mar99] that DIR.REACH does not belong to the positive first
order closure FO(;) of £; = monadic NP. In this section we give a simpler proof
of this fact. Since DIR.REACH is not in monadic NP, a fact shown in [AF90] and
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already used in the proof given in [Mar99], the desired result easily follows from
the next lemma.

LemMA 4.1. Let W be a prefix class such that DIR.REACH ¢ L(W). Then
DIR.REACH ¢ FO(L(W)).

Proor. The hypothesis can be viewed as asserting that for each w € W, there
exists two graphs &, &, such that & is in DIR.REACH, & is not, and Duplicator
can win w on %, . Let ay, a; be the source and sink of &7, and by, b, be the source
and sink of &. It suffices to prove:

(1) DIR.REACH ¢ L(vW).
(2) DIR.REACH ¢ L(=W).

(1) Let? = & + B and @ = B + B. Here the “sum” of two graphs (& + F) is
the graph obtained by connecting disjoint copies of & and % in “parallel”. That is,
we first form the union of a copy of &, a disjoint copy of &, and two new vertices
co (the new source) and ¢; (the new sink). Then we connect ¢y to both of the old
sources g, by, and connect both of the old sinks ay, b; to ¢;. The sum has the same
signature as the original graphs, with just the two distinguished vertices ¢, c;.

It is clear that @ is in DIR.REACH and & is not. By Theorem 2.2, to prove that
DIR.REACH ¢ L(v W) it is enough to show that & —v ,, 9.

Duplicator wins vw on %,<Z as follows. Spoiler picks a vertex d in one
of the copies of & in &. Duplicator responds by picking the corresponding vertex
¢ in the copy of & in €. Lemma 2.5 still holds for sums of the form & + %, with
a minor change in the proof to take care of the source and sink. It follows that
(B.c) —w (2.d), and thus € —v ., 2.

RQLetG =% - A+ - and D = & - B+ P - 4. Here the “product” of two
graphs (& - %) is the graph that results from connecting & and then % in “series”.

The product & - & is like the sum & + % except for the connections between
the new and old distinguished vertices. For the product we connect ¢ to ag, a; to
bo. and b; to ¢;.

Again, & is in DIR.REACH and & is not. By Theorem 2.2, it now suffices to
prove that & —3,, 9.

Duplicator can win 3w on &, Z with the following strategy. Spoiler’s first move
cisin &. If ¢ is in the left half of the product & - &/, Duplicator chooses the corre-
sponding vertex d in the left half of the product & - % in &. It is easily seen that
(o -A.c) —y (¥ -B.d). and again (Z.c) —, (2.d) and € —3, D.

If ¢ isin the right half of &%/, Duplicator chooses d in the right half of the product
B - in D, and we have (& - ., ¢c) — (B - .d), and again (Z.c) —., (2.d)
and € —3, 9. -

The above proof fully utilizes the concept of connecting graphs in parallel and
in series, which already appeared in [Mar99].

85. Limits on the power of a first order quantifier. We will now extend the method
of the preceding section to give a general method of proving that some property S
is not expressible by a sentence in L(W).

The idea is to have two operations on graphs (“addition” and “multiplication”)
that play the roles of connecting graphs in “parallel” and in “series” with respect to
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Property S, such that the addition operation is commutative, and a winning strategy
for Duplicator is congruent with respect to both operations.

We consider enhanced graphs with a fixed finite signature ¢, and let k& be the num-
ber of distinguished vertices. Our main tool will be the general notion of a disjoint
binary operation (&, %) — & x %, where &, %, and & * FB are graphs with
signature o. Informally, a disjoint binary operation takes a disjoint union of & and
&, adds new distinguished vertices cj, ..., ¢x, and adds edges between the old and
new distinguished vertices in a way prescribed by a fixed graph & called the con-
nector.

DEFINITION 5.1. A connector is a graph %, which has 3k vertices ay,..., a,
by,...,by,ci1,...,cr, such that the distinguished vertices are cy,...,c;, none
of the pairs (a;,a;) or (b;,b;) are edges of . and none of the vertices a; or
b; are colored.

The disjoint operation with connector € is the binary operation (&, &) +— & * 5B
constructed as follows.

Make copies of & and &% with distinguished vertices ay,...,a; and by,..., by
respectively, such that &, %, and the set {ci,....cx} are disjoint. Then the set
of vertices of & * % is the union of the sets of vertices of &/, %, %, the set of edges
of & x % is the union of the sets of edges of &/, %.%. each color in & * % is
the union of its values in &, %,%. and the distinguished vertices of & x % are
Clyeee, Cl.

A disjoint operation * is commutative if and only if for all & and &, & * B is
isomorphic to & * & .

Note that a disjoint operation x is completely determined by its connector up
to isomorphism. That is, if %/ is isomorphic to &', and & is isomorphic to %',
then & * % is isomorphic to &’ x B’'. Moreover, * is commutative if and only
if the mapping which sends each a; to b; and fixes each c¢; is an automorphism of
the connector .

ExaMPLE 4. In the proof of Lemma 4.1, the sum & + % is a commutative dis-
joint operation, and the connector is the graph with vertices {ay, ai, by, b1, co, c1}.
distinguished vertices cg. ¢1. and edges (co. ao). (co. bo). (ay.c1). (b1.c1).

In the same proof, the product & - & is a noncommutative disjoint operation. Its
connector has the same vertices and distinguished points as above, but has the edges
(Co, ao), (a1 s b()), (b] ,C1 )

EXAMPLE 5. In the trivial case that k = 0 (where the signature ¢ has no distin-
guished vertices), there is only one disjoint operation. This operation, the disjoint
union of a copy of & and a copy of %, is commutative and its connector is the empty
graph.

We remark that commutative disjoint operations are not possible for logics with
built-in linear order (e.g., as in [Imm99]), where it is more difficult to obtain lower
bounds on the expressive power of a fragment.

PROPOSITION 5.2. Let - be a disjoint operation, + be a commutative disjoint oper-

ation, 4, B and € be graphs with k distinguished vertices, and w be a pattern such
that & —., B. Then:
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(i) (a) & - € —y B -F and

(a
b) & A -, % B,

(i.e.. —, is a congruence relation with respect to - .)
(a

(b

(

(i)
(i)

) 4 + o 73w 4 + %.

) A + B —vp B+ B.

a) (- 4)+ (- SA) =z (A B)+ (B - A).
(b) (o - %’) (B -SA) w0 (B - B)+ (B B).

Proor. (i) (a). Duplicator can win the w game on & - &, % - € as follows. When
Spoiler moves in a copy of & or in the connector on either side, Duplicator moves
in the same place on the other side. When Spoiler moves in the copy of & or &%,
Duplicator follows her winning strategy for the w game on &, %. The proof of part
(i) (b) is similar.

The proof of (ii) is essentially the same as the proof of Lemma 4.1. For (a),
Spoiler must first move in a copy of % or the connector in the right side, and
Duplicator moves in the same place in the copy of % or the connector in the left
side. After that, Duplicator follows her w strategy. The proof of (b) is similar.

For (iii), Duplicator’s first move must match Spoiler’s first move; if Spoiler moves
in the left half of a product, so must Duplicator, and if Spoiler moves in a copy
of &/ (%), so must Duplicator. After that, Duplicator uses her w strategy. -

Note that commutativity of the +-operation is vital in the proof of each Part
of this lemma. The (possible) non-commutativity of the --operation is the reason
behind the necessary complexity of Part (iii).

THEOREM 5.3. Let - be a disjoint operation and + be a commutative disjoint opera-
tion. Suppose that

(i) Whenever
AcS BES.

A+ BES B+FBES.

(& - A)+ (- H)eS, (A - B)+(F-A)¢S.
Then for any prefix class W'

(@) If S ¢ L(W), then S ¢ FO(L(W)).

(b) If S € L(W), then S ¢ FO(L(W)).

(c) If S ¢ B(L(W)). then S ¢ FOB(L(W)).

ProOF. (a) By Proposition 5.2, whenever & —,, %, then

(1) S+ B —ypw B+ B,

2) (& A)+ (A - A) —30 (A - B)+ (B -A).
Now suppose S ¢ L(W). Foreachw € W, S ¢ L(w), and by Theorem 2.2 there
are graphs & € S, & ¢ S such that & —,, %.

By hypotheses (i), the left hand sides of (1) and (2) belong to S while the right
hand sides do not. Thus by Theorem 2.2 again, S ¢ L(vw) and S ¢ L(3w).
Therefore S ¢ L(vW) and S ¢ L(3W). It now follows by induction that S ¢
FO(L(W)).

(b) This follows from Part (a) by a duality argument. If S ¢ L(W). then
S & L(W). By Part (a), S ¢ FO(L(W)). Thus S ¢ FO(L(W)).

(c) Suppose S ¢ B(L(W)). Let V = @W. Then B(L(W)) = L(V) and
S ¢ L(V). By Part (a). S ¢ FO(L(V)) = FO(L(W)). y

we have

and
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COROLLARY 5.4. Theorem 5.3 holds when the hypothesis (i) is replaced by the fol-
lowing simpler properties:
(i) ¥ + B eSifandonlyif & € Sor B € S.
(ili) & - B € Sifandonlyif s/ € S and B € S.

PROOF. It is easily seen that (ii) and (iii) imply hypothesis (i) of Theorem 5.3. -

Some simple (and typical) examples of properties having addition and multipli-
cation operations which satisfy Theorem 5.3 (i) are those dealing with the values
of logical formulas, where addition and multiplication simply correspond to dis-
junction and conjunction.

We use “rooted” colored graphs to encode propositional formulas, with a different
color for each proposition symbol and connective. By a graphical formula we mean
a colored graph which encodes a formula in the following way. A graphical formula
has one distinguished vertex. called the root, which has indegree 0 and represents
the main symbol in the formula.

An atomic formula, which is just a predicate symbol by itself, is encoded by a
single vertex which is a root with the corresponding color. The symbol V is blue,
and the symbol A is yellow. Thus, the graphical formula encoding ¢ V y has a
blue root with two outgoing edges pointing to (the roots of) graphical formulas
encoding ¢ and y. Similar encoding can be done if the main connective is A or —.

The colors serve as a convenient tool for classifying the vertices. However, they
are not essential to the encoding mechanism and can be replaced if we wish by
suitable “gadgets” connected to the classified vertices.

We extend this encoding in the obvious way to stronger languages, such as FO,
SO, or MSO.

Now define the disjunction (conjunction) of graphical formulas &/ and %, denoted
by &/ VZ (& A %), by forming the union of a copy of &, a disjoint copy of %,
and a new root r, then coloring r blue (yellow), and connecting r to the roots of &/
and %.

PROPOSITION 5.5. The operations of disjunction and of conjunction on graphical
formulas are both commutative disjoint operations. —

We next observe that the disjunction and conjunction operations behave like
addition and multiplication in Theorem 5.3 for a very broad class of properties S.

DEFINITION 5.6. Let L be a (positive Boolean closed) logic and M be any class
of structures for L. A graph is in SAT(L, M) if and only if it encodes a sentence
in L which is true in some structure in M.

For example, if L is propositional logic and M is the class of all propositional
structures, then SAT (L. M) is the Satisfiability Problem for propositional logic.

If L is first order logic with equality and the constant symbol TRUE, and M is the
class of L-structures with universe { TRUE, FALSE}, then SAT (L. M) is a version
of the Quantified Satisfiability Problem for propositional logic.

Note that if the set M contains only one structure, then the stronger conditions
Corollary 5.4 (ii), (iii) hold for SAT(L,M). For example, if L is propositional
logic and M = {A} for a particular assignment 4 of truth values to propositional
symbols, then SAT (L, M) is the Circuit Value Problem for A.
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ProPOSITION 5.7. Let L be a logic, M be a class of structures for L. and let
S =SAT(L.M). If &/ € S and B ¢ S then

(i) ¥ Vv#ESand BN B ¢ S.
(i) ¥ N € Sand (A NB)V (BANL) ¢&S.

PROOF. (i) is obvious. For (ii), note thatif &/ € Sthen ¥ A%/ € S, andif # ¢ S
then ¥ NZ ¢ S. 4

Now putting Propositions 5.5 and 5.7 together with Theorem 5.3, the following
corollary is immediate.

COROLLARY 5.8. Let W be a prefix class, L be a logic, and M be any class of struc-
tures for L. Then SAT(L, M) does not belong to FO(L(W)) unless it already belongs
to L(W). +

86. A sharper version of reach. In[JMO01] Janin and Marcinkowski defined the op-
eration reach on properties. (The following definition, suggested to them by Sock-
meyer, is somewhat simpler than their original definition.)

For any property S of graphs with a distinguished vertex, reach(S) holds for a
graph & with distinguished vertices s and ¢ if and only if there is a directed path
from s to ¢ such that for every x on this path and every y not on the path with
E(x.y). the connected component of & \ {x} with y as a distinguished vertex has
the property S.

Recall from the introduction that a prefix class is nontrivial if it ends with (v 3)*
and contains either an V* or an 3*. They showed the following:

LeMMA 6.1. [JMO1] If V and W are nontrivial prefix classes and S is a property
of graphs that belongs to L(V') but not to L(W ), then reach(S) belongs to L(3vv V')
but not to FO(L(W)). =

Their proof was an adaptation of Marcinkowski’s proof in [Mar99] of the fact
that Directed Reachability does not belong to the positive first order closure
of monadic NP.

In this section we will apply the results of the previous section to define an analog
of reach called alt, for which a sharper lemma can be proved.

We consider only enriched graphs with a distinguished vertex r (called the root)
and the disjoint colors blue, yellow. green and white. Note that having four colors
may be thought of the result of having two possibly overlapping unary predicates
B(x) and Y (x), where x is blue means B(x) A =Y (x), x is yellow means Y (x) A
—B(x), x is green means B(x) A Y (x), and x is white means ~B(x) A =Y (x).

We call an enriched graph a potential tree if the following holds:

1) Each vertex has exactly one of the colors blue, yellow, green, or white.

) r is nonwhite and has indegree 0.

3) Each nonwhite vertex has indegree at most 1.

4) Each white vertex has an incoming edge from at most one green vertex.

5) A blue or yellow vertex cannot have an outgoing edge to a white vertex.

6) Green and white vertices have outgoing edges only to white vertices.

7) If a., b are white vertices and there is an edge from a to b, then for each green
vertex g, there is an edge from g to « if and only if there is an edge from g to b.



132 H. JEROME KEISLER AND WAFIK BOULOS LOTFALLAH

Thus in a potential tree, the connected component of the root is a tree with blue
and yellow vertices possibly leading to green vertices, which then point to disjoint
white graphs.

LEMMA 6.2. The property Potential Tree is in L(vvv) N L(v3v).

ProOF. It is clear that each condition 1-7 can be expressed in L(vvv). For
L(v3v). note that 4 and 7 can be replaced by:

4a) For each white a there exists g such that for each green h, E(h,a) implies

h=g.
7a) For each white «, if there is a green g with E (g, a) then there is a green g such
that E(g. a) and for all b, E(a. b) implies E(g.b). -

For each green vertex g in a potential tree, the fruit of g is (the subgraph generated
by) the set & = {x : E(g.x)}. g is then called the root of the fruit . Note that
each fruit & is a white graph (if the reader finds white fruits to be unappetizing,
he can replace them by white flowers). Any vertex which is connected to a vertex
in & by an edge belongs to & U {g}, and any two distinct fruits are disjoint. Also,
the graph & U {g} with g as a distinguished vertex is cone(%).

In a potential tree, an alternating tree is a set of vertices T satisfying:

1) reT.

2) If x € T and x is blue (indicating an “or” node), then ther exists a vertex y
such that E(x,y)and y € T.

3) If x € T and x is yellow (indicating an “and” node), then all vertices y with
E(x,y) belongto T.

4) T has no white vertices.

A co-alternating tree is a set T satisfying Conditions 1-4 with “blue” and “yellow”
interchanged in Conditions 2 and 3, thus interchanging the roles of “or” and “and”
nodes.

By a fruit of an alternating (co-alternating) tree T we mean the fruit of a green
vertex which belongs to 7.

The connected part of an alternating (co-alternating) tree T is the connected
component of T that contains the root r. Note that for any alternating (co-
alternating) tree T, the connected part of T is also an alternating (co-alternating)
tree.

DEFINITION 6.3. alt(S) is the property of enriched graphs saying that the graph
is a potential tree that contains an alternating tree 7" such that each fruit of 7 is an
S-graph.

A potential tree is said to be trivial if the root r is green. In a trivial potential tree,
the root r has a fruit &, the connected component & U {r} is cone(%). and T = {r}
is both an alternating and a co-alternating tree. Thus for any graph property S,
cone(%) has alt(S) if and only if ¥ € S. Here is a simple application of Lemma 2.5.

LEMMA 6.4. Let W be a prefix class. If S ¢ L(W ) then alt(S) ¢ L(W).

PrOOF. Let w € W. By Theorem 2.2, there are & € S and Z ¢ S such that
& —, PB. By Lemma 2.5, cone(f) —,, cone(F). As noted above, cone(s/) €
alt(S) and cone(#) ¢ alt(S). Then by Theorem 2.2 again, alt(S) ¢ L(W). 4
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LEMMA 6.5. Let &/ be a potential tree. s/ does NOT have alt(S) if and only if s/
has a co-alternating tree T such that no fruit of T is an S-graph.

ProoF. Letn(s7) bethe cardinality of the set of nonwhite vertices in the connected
component of the root . The proof is by induction on n(s/). In this proof, it will
be understood that all trees mentioned are connected.

For the basis step, suppose n(&/) = 1, and let T = {r}. If r is an “and” vertex,
then T is an alternating tree with no fruits, so & has a/t(S), and there are no
co-alternating trees.

If  is an “or” vertex, then 7 is a co-alternating tree with no fruits, and there
are no alternating trees, so .% does not have alt(S). If r is green, then T is both
alternating and co-alternating, and & has alt(S) if and only if the fruit at r is an
S-graph.

Now suppose that n(/) > 1 and the lemma holds for every potential tree %
such that n(#) < n(s/). Then r is either an “and” vertex or an “or” vertex, and
has indegree 0 and outdegree k > 0. Let s1,..., s, be the vertices connected to r
by an edge. For each i < k, let %; be the enhanced subgraph of & with root s;
consisting of all vertices which can be reached from s; by a directed path. Then
n(%B;) <n(¥).

Suppose first that  is an “and” vertex. Note that T is a (connected) alternating
tree in & if and only if 7' N %, is an alternating tree in %; for all i < k. Therefore
&/ has alt(S) if and only if %, has alt(S) for all i < k. Moreover, for each i < k,
aset U C %, is a co-alternating tree in %, if and only if U U {r} is a co-alternating
tree in &. Thus & has a co-alternating tree such that no fruit is an S-graph if and
only if for some i < k, &; has a co-alternating tree such that no fruit is an S-graph.
Using the inductive hypothesis, it follows that %/ does not have a/t(S) if and only if
& has a co-alternating tree such that no fruit is an S-graph.

The proof when r is an “or” vertex is similar. o

LEMMA 6.6. Let W be a prefix class. Suppose that either S ¢ L(W) or alt(S) ¢
L(W). Then alt(S) ¢ FO(L(W)).

ProoF. Recall that FO(L(W)) = L((v3)*W). By Lemma 6.4, alt(S) ¢ L(W).
alt(S) has addition and multiplication operations on graphs, which connect two
graphs with “or” and “and” roots respectively. The hypotheses of Theorem 5.3 are
easily verified for these operations, and the result follows. -

LemMmA 6.7. Suppose V' is a prefix class such that some v € V contains vv and v 3
as substrings. For each natural number n:

() IfS € L(V). thenalt(S) € LAv V)N L(VaV).
(i) If S € L(3"V). then alt(S) € L(3" v 1).
(iii) IfS € L(V"V). then alt(S) € L(V"'3V).

Proor. (i) follows from (ii) and (iii) if we let n = 0.

(ii) We call &/ good if it has property S, and bad otherwise. Since S € L(3"V),
there is some v € ¥ such that for all good & and bad %, Spoiler wins 3"v on &, %.
Since V is directed, we may assume that v also contains the substrings vv, v 3.

Let% € alt(S) and & ¢ alt(S). We first show how Spoiler wins 3" 'vv on%. .
If & is not a potential tree, then by Lemma 6.2, Spoiler wins by using the moves
VvV in vv to point out the problem in Z.
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Otherwise, he starts by choosing in @ an alternating tree X such that every fruit
of X is good. Duplicator must respond with an alternating tree ¥ in . (If
she doesn’t, Spoiler can win the game using vv against a bad “and” vertex, and v3
against a bad “or” vertex). Then at least one fruit % of Y is bad. Since all fruits of X
are good, Spoiler can combine his winning strategies to play 3" in each good fruit
of X against the bad fruit & of Y. In other words, in each 3-move, Spoiler plays
the union of the subsets of the (good) fruits of X determined by his winning strate-
gies against the fixed bad fruit %. (Note that, since C is a potential tree, fruits with
different roots are disjoint.) Spoiler then uses the v -move to pebble the root of %.
Duplicator must respond by pebbling the root of a (good) fruit & of X. Finally,
Spoiler can now win the game by playing his winning strategy for v on the pair &, %.

(iii) We now show how Spoiler wins V"*!3v on #. 2. Suppose first that & is
not a potential tree. Spoiler can use the V 3 moves to simulate an v move d € &
by choosing the set ¥ = {d} C & and then choosing an element of Duplicator’s
response X C % (if Duplicator chooses X empty, Spoiler can easily win by
choosing d with a later v move). v contains the substring vv . so again Lemma 6.2
shows that Spoiler can win by pointing out the problem in .

Otherwise, Spoiler starts by choosing in & a co-alternating tree Y such that
every fruit of Y is bad. Duplicator must respond with a co-alternating tree X in %.
(If X is not co-alternating, Spoiler wins as before, because v contains both vv and
v 3 as substrings). From this point we argue as in part (ii) to complete the proof.

Let %, IT,,, A, be the levels of the monadic second order quantifier hierarchy
(defined in Section 2).

COROLLARY 6.8. Let n > 0, let L be any of the logics X, I1, or A,, and W be
a prefix class.

() IfL & L(W), then L & FO(L(W)).

(ii) IfL & B(L(W)). then L £ FOB(L(W)).

PrOOF. (i) For the case L = X,, suppose S € X, \ L(W). By Lemma 6.6,
alt(S) ¢ FO(L(W)). For some m, S € L(3"U) where L(U) = II,_;. By
Lemma 6.7, alt(S) € L(3"'v U) C %,,. The case L = I1,, is similar.

Some care is needed in the case L = A, because A, is not a logic of the form
L(V), but is the intersection of two such logics, A, = £, NII,. Suppose A, Z L(W)
andlet S € A, \ L(W). Again, alt(S) ¢ FO(L(W)) by Lemma 6.6. For some m,
S e L(3"U)NL(V"U), where L(U) = I1,_ as before. By Lemma 6.7,

alt(S) € L(3™ 'y U) N L(V"'30) C A,.
(ii) follows by applying (i) to the prefix class & W . =

We do not know whether Lemma 6.7 holds for reach in place of alt, or whether
there is a way to obtain Corollary 6.8 using reach instead of alt.

It was shown in [MT97] thatI1,,  X,. 2, € I1,,, and A, € B(Z,). Combining
these results with Corollary 6.8, we get the following corollary which solves some
open problems from [Mat98].

COROLLARY 6.9. In the monadic second order quantifier hierarchy,

1) II,, € FO(Z,).

2) X, € FO(I,).

3) An+1 Z FOB(Zn) B
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§7. Conclusion and open problems. We introduced the operation exists, (S) saying
“there are n components having S”, and used it to show that if a single new first
order existential (or universal) quantifier strictly increases expressive power, then
additional new first order quantifiers continue to strictly increase expressive power.
This implies the strictness of all the natural quantifier hierarchies in the positive
first order closure of a fragment of monadic second order logic.

An important problem is to find a similar operation for the second order
(monadic) quantifiers. This could be used to get lower bounds on the expres-
sive power of second order fragments, and perhaps to improve the strictness results
on the monadic hierarchy and solve the strictness problem for the closed monadic
hierarchy.

We introduced an abstract concept of addition and multiplication of graphs. As
an application we showed that for any logic L and any class of structures M for L,
the set of sentences in L which are satisfiable in M is not expressible in the positive
first order closure FO(L(W)) unless it is already expressible in L(W).

We introduced another operation which converts a property S which is expressible
in L(V) but not in logic L(W) to a new property a/t(S) which is expressible in both
L(3v V) and L(V3V) but not in the positive first order closure FO(L(W)). This
was applied to the monadic second order hierarchy, showing that IT, € FO(Z,) and
Ans1 € FOB(S,).

A related problem is to find operations which convert a property not expressible in
L(W) to a property not expressible in L(3W) or L(V W). A solution to this prob-
lem could give upper bounds on expressive power, and answer some outstanding
open questions in monadic second order logic.
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